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Abstract 

We construct cup and cap products in intersection (co)homology with field coef- 
ficients. The existence of the cap product allows us to give a new proof of Poincare 
duality in intersection (co) homology which is similar in spirit to the usual proof for 
ordinary (co)homology of manifolds. 
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1 Introduction 

Intersection homology is a basic tool in the study of singular spaces. It has important 
features in common with ordinary homology (excision, Mayer- Vietoris, intersection pairing, 
Poincare duality with field coefficients) and important differences (restrictions on functorial- 
ity, failure of homotopy invariance, restrictions on Poincare duality with integer coefficients). 
An important difference is the fact that the Alexander- Whitney map does not induce a map 
of intersection chains (because if a simplex satisfies the relevant allowability condition there 
is no reason for its front and back faces to do so). Because of this, it has long been thought 
that there is no reasonable way to define cup and cap products in intersection (co)homology. 
In this paper, we use a different method to construct cup and cap products (with field coeffi- 
cients) with the usual properties, and we use the cap product to give a new proof of Poincare 
duality for intersection (co) homology with field coefficients. 

We give applications and extensions of these results in [18] and [17]. In [18] we show that 
our Poincare duality isomorphism agrees with that obtained by sheaf-theoretic methods in 
[20] and that our cup product is Poincare dual to the intersection pairing of [20]. We also 
prove that the de Rham isomorphism of [5] takes the wedge product of intersection differential 
forms to the cup product of intersection cochains. In [TTJ we give a new construction of the 
symmetric signature for Witt spaces (which responds to a question raised in [1]). 

In future work, we plan to use the cup product (and the underlying structure on cochains) 
as a starting point for developing an "intersection" version of rational homotopy theory (see 
Remark 11.21 below) . 

Our basic strategy for constructing cup and cap products is to replace the Alexander- 
Whitney map by a combination of the cross product and the (geometric) diagonal map. 
To illustrate this, we explain how it works in ordinary homology. For a field F, the cross 
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product gives an isomorphism (where the tensor is over F) 



H,(X; F) ® H.(Y; F) -> H m (X x Y; F), 
and we can use this isomorphism to construct the algebraic diagonal map 

d : H*{X; F) H,(X- F) ® H.(X- F) 

as the composite 

H*(X; F) A H*{X xX-F)^ H.(X; F) ® H*(X; F), 

where d is the geometric diagonal. The evaluation map induces an isomorphism 

H*(X; F) -»• Hom(#*(X; F),F), 

and we define the cup product of cohomology classes a and /3 by 

(aUi3)(s) = (a«i3)(d»), xeH*(X;F). 

The fact that the cup product is associative, commutative, and unital follows easily from 
the corresponding properties of the cross product. Similarly, we define the cap product by 

a n x = (1 <g> 

In order to carry out the analogous constructions in intersection homology, we need to 
know that the cross product gives an isomorphism on intersection homology (with suitable 
perversities) and that the geometric diagonal map induces a map of intersection homol- 
ogy (with suitable perversities). The first of these facts is Theorem 13.11 and the second is 
Proposition 14.21 

Here is an outline of the paper. In Section El we establish terminology and notations 
for stratified pseudomanifolds and intersection homology. (We allow strata of codimension 
one and completely general perversities, which means that intersection homology is not 
independent of the stratification in general.) In Section [31 we state the Kunneth theorem 
for intersection homology, which is the basic tool in our work. In Section HI we construct 
the algebraic diagonal map, cup product, and cap product in intersection (co)homology and 
show that they have the expected properties. In Section [5], we show that an orientation of an 
n-dimensional stratified pseudo manifold X determines a fundamental class in I°H n (X,X — 
K; R) for each compact K and each ring R. In Section [61 we show that cap product with 
the fundamental class induces a Poincare duality isomorphism 

I p Hi(X;F)^im n ^(X;F) 

when p and q are complementary perversities. In Section we extend our results to stratified 
pseudomanifolds with boundary. The proofs in Sections[5]through[7]follow the general outline 
of the corresponding proofs in pi] , but the details are more intricate. 
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Remark 1.1 (Signs). We include a sign in the Poincare duality isomorphism (see [HJ Sec- 
tion 4.1]). Except for this we follow the signs in [8], which means that we use the Koszul 
convention everywhere except in the definition of the coboundary on cochains (see Remark 
QUI below). 

Remark 1.2. For a space X, the method given above for constructing the cup product in 
H*(X) also leads to a Leinster partial commutative algebra structure (see [25], [271 Sec- 
tion 9]) on the singular cochains S*(X). This structure can be rectified over Q (|32j) to 
give a commutative algebra structure on a cochain complex naturally quasi-isomorphic to 
S*(X; Q); thus we obtain a functor from spaces to commutative DGA's over Q which solves 
the "commutative cochain problem" ([23]) and represents the rational homotopy type of X 
Q26J). We expect that our work will lead in a similar way to a a model for a pseudomanifold 
X which is part of an "intersection" version of rational homotopy theory (that is, a Quillen 
equivalence between a certain model category of filtered spaces and a model category of 
"perverse" commutative algebras [22]). 

Remark 1.3. In [3j Section 7], Markus Banagl constructed a cup product 

I P H*(X; Q) ® I P H*(X; Q) I q H*(X; Q) 

for certain pairs of perversities p, q (namely for classical perversities satisfying p(k) +p(l) < 
p{k + I) < p{k) + p{l) + 2 for all k, I and q{k) + k < p{2k) for all k). We show in Appendix 
ITJ1 that this cup product agrees with ours (up to sign) for all such pairs p, q. Banagl's 
construction is similar to ours, except that the Kunneth theorem he uses is the one in [7J 
(which is a special case of that in [13]; see [131 Corollary 3.6]). He does not consider the cap 
product. 

2 Background 

We begin with a brief review of basic definitions. Subsection 12.11 reviews the definition 
of stratified pseudomanifold. Subsection 12.21 reviews singular intersection homology with 
general perversities as defined in [TBI ITS]. Other standard sources for more classical versions 
of intersection homology include [T91 12D1 131 1231 [21 1231 [T2] . 

2.1 Stratified pseudomanifolds 

We use the definition of stratified pseudomanifold in [2D], except that we allow strata of 
codimension one. Before giving the definition we need some background. 

For a space W we define the open cone c{W) by c(W) = ([0, 1) x W) /(Ox W) (we put the 
[0, 1) factor first so that our signs will be consistent with the usual definition of the algebraic 
mapping cone). Note that c(0) is a point. 

If Y is a filtered space 

Y = Y n Z> Y n ~ x D ■ ■ ■ D Y° D F" 1 = 0, 

we define c(Y) to be the filtered space with (c(Y)) 1 = c(F'~ 1 ) for % > and (c(Y)) -1 = 0. 
The definition of stratified pseudomanifold is now given by induction on the dimension. 



4 



Definition 2.1. A 0- dimensional stratified pseudomanifold A is a discrete set of points with 
the trivial filtration X = X° D A" 1 = 0. 

An n- dimensional (topological) stratified pseudomanifold X is a paracompact Hausdorff 
space together with a filtration by closed subsets 

X = X n D A™" 1 D X n ~ 2 D ■ ■ ■ D X° D A" 1 = 

such that 

1. A — X n ~ l is dense in A, and 

2. for each point x G A* — A*" 1 , there exists a neighborhood U of x for which there is a 
compact n — i — 1 dimensional stratified pseudomanifold L and a homeomorphism 

: W x cL -> U 

that takes 1R* x c(L- 7_1 ) onto A*" 1 "- 5 D £/. A neighborhood U with this property is called 
distinguished and L is called a imA; of x. 

The A* are called skeleta. We write Aj for X 1 — A* -1 ; this is an i- manifold that may be 
empty. We refer to the connected components of the various A, as s£rato0. If a stratum Z 
is a subset of X n it is called a regular stratum; otherwise it is called a singular stratum. The 
depth of a stratified pseudomanifold is the number of distinct skeleta it possesses minus one. 

We note that this definition of stratified pseudomanifolds is slightly more general than 
the one in common usage [19], as it is common to assume that X n ~ l = X n ~ 2 . We will not 
make that assumption here, but when we do assume J™" 1 = A™ -2 , intersection homology 
with Goresky-MacPherson perversities is known to be a topological invariant; in particular, 
it is invariant under choice of stratification (see [20], [I], [23] )• Examples of pseudomanifolds 
include irreducible complex algebraic and analytic varieties (see [U Section IV]). 

If L and V are links of points in the same stratum then there is a stratified homotopy 
equivalence between them (see, e.g., [II]), and therefore they have the same intersection 
homology by Appendix Because of this, we will sometimes refer to "the link" of a 
stratum instead of "a link" of a point in the stratum. 

2.2 Singular intersection homology with general perversities. 

Definition 2.2. Let A be a stratified pseudomanifold. A perversity on X is a function 
p : {strata of A} — > Z with p(Z) = if Z is a regular stratum. 

This is a much more general definition than that in pJH [20]; on the rare occasions when 
we want to refer to perversities as defined in [T9l[20] we will call them "classical perversities." 

Besides being interesting in their own right, general perversities are required in our work 
because of their role in the Kiinneth theorem (Theorem 13. II below). 

1 This terminology agrees with some sources, but is slightly different from others, including our own past 
work, which would refer to Xi as the stratum and what we call strata as "stratum components." 
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In the literature, there are several non-equivalent definitions of intersection homology 
with general perversities. We will use the version in [THl HSj (which is equivalent to that in 
[3"U] ) . The reason for this choice is that it gives the most useful version of the "cone formula" 
(Proposition 12.31 below) . 

As motivation for the definition, recall that the singular chain group S{(X; G) of a space 
X with coefficients in an abelian group G consists of finite sums Y 9jO~j, where each gj £ G 
and each <jj is a map <jj : A* — > X of the standard i-simplex to X. The boundary is given by 
dJ29j a j = Yl l 9j^ a j = J2j k(~^) k 9jdk<?k- If instead Q is a local coefficient system of abelian 
groups, then an element of Si(X; Q) is again a sum Y Qj^ji where now g,j is a lift of Gj to Q 
or, equivalently, a section of the coefficient system a*Q over A*. The boundary map becomes 
dJ29j a j = J2j k(~^-) k 9j\dk^j^k^j] in other words, the restriction of the "coefficient" gj to 
the boundary piece dk&j is the restriction of the section over A* to d^A 1 . If the system Q is 
constant, then we recover Si(X; G). 

If X is a stratified pseudomanifold we make a slight adjustment. Suppose Q is a local 
coefficient system defined on X — X n ~ l . Let Ci(X; Q) again consist of chains 9j°~ji where 
now gj is a section of (cr, \ a - 1 (^x~x n ~ 1 ))*^ over {X — X n ~ l ). Note that if aj{X — X n ~ l ) is 
empty then the sections of (c r j\ a - 1 (x-x n - 1 ))*& form the trivial group (because there's exactly 
one map from the empty set to any set). The differential is given by the same formula as in 
the previous paragraph, with restrictions to boundaries <9&A l being trivial if <jj maps d^A 1 
into X n_1 . Even when we have a globally defined coefficient system, such at the constant 
system G, we continue to letdCj(X; Q) denote Ci(X; Q\x^x n - 1 )- 

Now given a stratified pseudomanifold X, a general perversity p, and a local coefficient 
system Q on X — X n ~ l , we define the intersection chain complex PC*(X; Q) as a subcomplex 
of C*(X; Q) as follows. An z-simplex a : A 1 — > X in Ci(X) is allowable if 

<r~ l (Z) C{i- codim(Z) + p(Z) skeleton of A*} 

for any singular stratum Z of X. The chain £ £ Ci(X; Q) is allowable if each simplex with 
non-zero coefficient in £ or in <9£ is allowable. PC*(X; Q) is the complex of allowable chains. 

The associated homology theory is denoted PH*(X; Q) and called intersection homology. 
Relative intersection homology is defined similarly. 

If p is a perversity in the sense of Goresky-MacPherson [TH] and X has no strata of codi- 
mension one, then PH*(X] Q) is isomorphic to the intersection homology groups PH*(X; Q) 
of Goresky-MacPherson [T91I20]. 

Even with general perversities, many of the basic properties of singular intersection ho- 
mology established in [23] and [TJ] hold with little or no change to the proofs, such as 
excision and Mayer- Vietoris sequences. Intersection homology is also invariant under prop- 
erly formulated stratified versions of homotopy equivalences. Proof of this folk result for 
Goresky-MacPherson perversities is written down in [10] ; the slightly more elaborate details 
necessary for general perversities are provided below in Appendix [A] 

Intersection homology with general perversities can also be formulated sheaf theoretically; 
see [13, [TH] for more details. 

2 In the first-named author's prior work, this would have been denoted Ci(X ; Go)- 
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Cone formula. General perversity intersection homology satisfies the following cone for- 
mula, which generalizes that in [T^l [2D] (but it differs from King's formula in [23]); see [T5"} 
Proposition 2.1] and JT2J Proposition 2.18]. We state it with constant coefficients, which is 
all that we require. 

Proposition 2.3. Let L be an n — 1 dimensional stratified pseudomanifold, and let G be an 
abelian group. Let cL be the cone on L, with vertex v and stratified so that (cL)° = v and 
(cLY = c{L l ~ l ) for i > 0. Then 



I p Hi(cL;G) 



0, i > n — 1 — p({v}), 

im^L-G), i<n-l-p({v}), 



where the isomorphism in the second case is induced by any inclusion {t} x I 4 ([0, 1) X 
L)/(0 x L) =cL with t ^ 0. 
Therefore, also 



PH t (cL,L;G) 



PH^L-G), i>n-p({v}), 
0, i < n — p({v}). 



3 The Kiinneth theorem for intersection homology 

Let X and Y be stratified pseudomanifolds, and let F be a field. We stratify X x Y in the 
obvious way: for any strata Z <Z X and S C Y, Z x S is a stratum of X x Y. 
By [TBI page 382], the cross product (where the tensor is over F) 

C,(X; F) g) C*(Y; F) -)• C*(X x Y; F) 

restricts to give a map 

PC*(X; F) ® m(Y; F) I Q C,(X x Y; F) 

provided that Q(Z x S) > p(Z) + q(S) for all strata Z C X, S CY. 
We can now state the Kiinneth theorem: 

Theorem 3.1. Let p and q be perversities on X and Y , and define a perversity Qp t q on 
X xY by 



Q p ,g(Z x S) = < 



p(Z) + q(S) + 2, Z,S both singular strata, 

p(Z), S a regular stratum and Z singular, 

q(S), Z a regular stratum and S singular, 

0, Z, S both regular strata. 



Then the cross product induces an isomorphism 

PH*(X; F) ® PH*(Y; F) -> I Q H,(X xY;F). 
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This is a somewhat sharper form of the main result of |13j . We show in Appendix IB1 how 
to deduce it from the results of [TB] . 

Remark 3.2. In fact there are other choices of Q that give isomorphisms, as explained in [T3] , 
but this is the right choice for our purposes because of its compatibility with the diagonal 
map; see Proposition 14.21 

There is also a relative version of the Kunneth theorem. 

Theorem 3.3. Let X and Y be stratified pseudomanifolds with open subsets A C X, B C Y . 
The cross product induces an isomorphism 

I P H*(X, A; F) <g> I*H*{Y, B; F) -> I Q ™H*(X x Y, (A x Y) U (X x B); F). 

The proof is given in Appendix [B] 

4 The diagonal map, cup product, and cap product 
4.1 The diagonal map 

In this subsection, we define the algebraic diagonal map using the method described in the 
introduction. The first step is to show that the geometric diagonal map induces a map of 
intersection chains for suitable perversities. 

First we need some notation. Recall that the top perversity i is defined by 



t(Z) 



0, if Z is regular, 

codim(Z) — 2, if Z is singular. 



Definition 4.1. Let p be a perversity. Define the dual perversity Dp by 

Dp{Z)=t(Z)-p(Z). 



With the notation of Theorem 13 .11 let us write Qp,q,f for Qq pa ,t (which is equal to Qp,Q 9 ^) 
Proposition 4.2. Let d : X — > X x X be the diagonal and let G be an abelian group. 

1. If Df(Z) > Dp(Z) + Dq(Z) for each stratum Z of X then d induces a map 

d : FC^X- G) -)• I Q ™C*{X x X; G). 

2. If Ds(Z) > Dq(Z) + Df(Z) for each stratum Z of X then 1 x d induces a map 

lxd: I Q ^C*(X xI;G)4 I Q ™> r C*{X x X x X; G). 

3. If Ds(Z) > Dp(Z) + Dq(Z) for each stratum Z of X, then d x 1 induces a map 

d X 1 : I Q ^C*(X xI;G)-} /'- ; * '' *C'..( A' x X x X;G). 
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Proof. We prove the first part, the other two are similar. A chain £ is in FCi(X; G) if for any 
simplex a of £ and any singular stratum Z of X, a _1 (Z) is contained in the i— codim(Z)+f(Z) 
skeleton of the model simplex A*. Now the only singular strata of X x X which intersect the 
image of d have the form Z x Z, where Z is a singular stratum of X, so the chain will be 
in I Q p^Ci(X x X\ G) if each (do-)~ l (Z x Z) is contained in the i — codim(Z x Z) + Q Pt q(Z x Z) 
skeleton of the model simplex A*. For this it suffices to have 

% - codim(Z) + f(Z) < i - codim(Z x Z) + Q M {Z x Z) = i-2 codim(Z) +p(Z) + q(Z) + 2, 

and this is equivalent to the condition in the hypothesis. □ 

Now we can define the algebraic diagonal map. 
Definition 4.3. If Df > Dp + Dq let 

d : FH*(X; F) — >■ PH*(X; F) <g> PH*(X; F) 

be the composite 

FH*(X; F) 4 I Q ™H*{X x! ; F)f PH m (X; F) <8> FH*(X; F), 
where the second map is the Kiinneth isomorphism (Theorem 13. ip . 

In the remainder of this subsection we show that the algebraic diagonal map has the 
expected properties. 

Note that d is a natural map due to the naturality of the cross product. 

Proposition 4.4 (Coassociativity). Suppose that Ds > Du + Df, Ds > Dp + Dv, Du > 

Dp + Dq and Dv > Dq + Df. Then the following diagram commutes 



FH^X-F) 



PH*(X;F)®FH*(X;F) 



PH*{X; F) ® FH*{X; F) M*(X; F) ® FH*{X; F) ® FH*{X; F). 
Proof. Consider the following diagram (with coefficients left tacit): 

FC*(X) I^C*(X x X) - q - I"C*(X) <g> FC*(X) 



I Q ^C*(X x X) 



Ixd 



dxl 



iQp^C^X x X x X) 



q.i. 



I Q ™C*(X x X) ®FC*(X) 



q.i. 



m(X) ® FC»(X) ^1 m(X) (8) lQ'.*C m {X x X) m(X) ® m(X) <g> m(X) 



q.i. 



q.i. 



q.i. 
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Here the arrows 1 X d and d X 1 exist by parts 2 and 3 of Proposition 14.21 The arrows 
marked q.i. are induced by the cross product and are quasi-isomorphisms by Theorem 13.11 
The upper left square obviously commutes, the upper right and lower left squares commute 
by naturality of the cross product, and the lower right square commutes by associativity of 
the cross product. The result follows from this. □ 

Proposition 4.5 (Cocommutativity). If Df > Dp + Dq then the following diagram com- 
mutes. 

FH*(X; F) -1+ PH*{X; F) <g> PH*(X; F) 



PH*{X;F)®PH*{X;F). 

□ 

As background for our next result, note that for any q and any abelian group G there is 
an augmentation e : PH^X; G) — > G that takes a 0-chain to the sum of its coefficients and 
all other chains to 0. Also note that Di is identically 0, so for every p there is an algebraic 
diagonal map 

d : PH*(X; F) -> ?H*(X\ F) ® PH*(X; F). 
Proposition 4.6 (Counital property). For any p, the composite 

PH*{X- F) 4 FH^X- F) g) PH*(X; F) F <g> PH^X- F) PH*(X; F) 
is the identity. 

Proof. First observe that (by an easy argument using the definition of allowable chain) the 
projection p^ : X x X — > X induces a map 

I Q ^H*(X xI;F)4 PH*(X; F). 

Now it suffices to observe that the following diagram commutes. 

PH*(X; F) IQ*pH.(X x X) PH.(X\ F) ® PH*{X; F) 



V-2 



PH*{X; F) -* = F ® PH*(X; F) 

The commutativity of the square follows easily from the fact that the cross product is induced 
by the chain-level shuffle product [U Exercise VI. 12.26(2)]. □ 

The results of this subsection also have relative forms. Suppose A and B are open subsets 
of X and that Df > Dp + Dq. Then there is an algebraic diagonal 

d : FH*{X, AUB;F)-f PH*(X, A; F) ® FH*(X, B; F), 

and the obvious generalizations of the preceding results hold. Moreover, we have the following 
proposition. 
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Proposition 4.7. Let A be an open subset of X and let i : A — >■ X be the inclusion. Then 
the diagram 



FH*{X,A;F) 



PH*(X, A; F) <g> F) 

1 



FH*(A; F) —5— F) <g> F) F) <g> FF*(X; F) 

commutes. 

Proof. This follows from the commutativity of the diagrams 

FH^X, A- F) - IQ™H*(X xX,AxX-F) 



lxi 



I^H^A xX;F), 



FH^A- F) IQ*,*H*(A x A; F) 

which commutes by the naturality of d, 



IQ™H*(X xX,AxX;F) A; F) <g> FF*(X; F) 



<9®1 



PH*(A;F)®IW*(X;F), 



I Q ^H,(A x X; F) — 

which commutes because the cross product is a chain map, and 



I Q ™H*(A x A; F) — I Q ™H*(A x X; F) 



PH*{A-F)®im*{X-F) 



I p H*(A; F)®FH*(A- F), 
which commutes by naturality of the cross product. □ 

4.2 Cochains and the cup product 

We begin by defining intersection cochains and intersection cohomology with field coeffi- 
cients. 

Definition 4.8. Define I p C*(X;F) to be Kom F (I p C,(X; F), F) and I p H*(X;F) to be 
H*(I p C*(X; F)). Similarly for the relative groups: I p C*{X, A; F) is Rom F (PC*(X, A; F), F) 
and I P H*(X, A; F) is H*{I p C*{X, A; F)). 

Remark 4.9. Because F is a field we have 

/piTpT; F) = Hom F (FF*(X; F), F) 

and 

/piTpT, A; F) = Kom F (PH*(X, A; F), F). 
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Remark 4.10. We will typically write a for a cochain and x for a chain. We follow Dold's 
convention for the differential of a cochain (see [HI Remark VI. 10.28]; note that this differs 
slightly from the Koszul convention): 

(6a)(x) = -(-l) H a(<9x). 

This convention is necessary in order for the evaluation map to be a chain map. 

Definition 4.11. If Ds > Dp + Dq, we define the cup product in intersection cohomology 

I P H*(X; F) <g> I 9 H*(X; F) -> I s -iT(X; F) 

by 

(a ^ = (a <g> /3)d(x). 

Explicitly, if = ]T>i x ^, then (a - = ^(-l)^ ll2/<l «(?/i)/3(^)- 

As immediate consequences of Propositions 14.41 and 14.51 we have. 

Proposition 4.12 (Associativity). Letp, q, f, s be perversities such that Ds > Dp+Dq+Df. 
Let a E I P H*(X; F), (3 e I P H*(X; F), and 7 e I r H*(X; F). Then 

(a ^ j3) ^ 7 = a ^ ((3 ^ 7) 

in I S H*(X;F). 

Proposition 4.13 (Commutativity). Let p,q,s be perversities such that Ds > Dp + Dq. 
Let a e IpH*(X; F), ft G IqH*(X) F). Then 

a = (-l)l Q ll^l/3 - a 

in I 8 H*(X;F). 

4.3 The cap product 

Definition 4.14. If Df > Dp + Dq and A, B are open subsets of X, we define the cap 
product 

IqH^X, B; F) ® fHj{X, AU B; F) —t- PH^X, A; F) 

by 

a ^ x — (1 (g> a)d(a;). 
Explicitly, if d(a;) = x then a ^ x = XX - 1)' ^(^i)^- 

Remark 4.15. This definition is modeled on [8], Section VII. 12]. The reason Dold has 1 ® a 
instead of a ® 1 in the definition is so that the cap product will make the chains a left module 
over the cochains (in accordance with the fact that a is on the left in the symbol a ^ x). 

In the remainder of this subsection we show that the cap product has the expected 
properties. We begin with the analogue of VII. 12. 6]. 
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Proposition 4.16. Suppose Dr > Dp + Dq. Let A,B,X',A',B' be open subsets of X with 
A' C X' H A and B' C X' n B. Let i : (X';A',B') -»■ (X; A, 5) 6e i/ie inclusion map of 
triads. Let a G IgH k (X, B; F) and x G FH^X', A' U 5'; F). T/ien 

a ^ z*x = ^ x) 

inflH^ k (X,A] F). 
Proof. 

a ^ i*x = (I ® a)d(i*x) 

— (1 g) a)(i» ® i*)d(x) 
= (z* (g) z*a)d(x) 
= z'*((i*a;) ^ x). 

□ 

Proposition 4.17. Suppose Df > Dp + Dq + Du. Let a G IpH^X; F), (3 G I q H^(X; F), 
andx G FH k (X; F). Then 

(a f3) ^ x = a ^ (f3 ^ x) 

in I*H k _i-j(X;F). 

Proof. First we observe that the perversity condition ensures that both sides of the equation 
are defined. Now we have 

(a ^ ft) ~ x = (1 ® (a w (3))d(x) 

= (1 ® a ® /3)(1 ® 3)d(x) 

= (1 (8) a ® /3)(d<gi l)J(x) by Proposition S3 

= (1 ® ® /9)d(a;)) 

= a ^ (/3 ^ x). 

□ 

For our next result, note that (because Dt is identically 0) there is a cap product 
I p H l {X, A; F) ® A; F) I%-i(X; F). 

Proposition 4.18. Let A be an open subset of X . Let a G IpH l (X,A;F) and x G 
I p Hi(X , A; F) . Then the image of a ^ x under the augmentation e : I t Ho(X; F) — > F 
is a(x). 

Proof. 

e(at ^ x) = e{\ <S> a)d(x) 
= a(e ® l)d(x) 

= oj(x) by the relative version of 14.61 

□ 
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Proposition 4.19. Suppose Dr > Dp + Dq, and let i : A X be the inclusion of an open 
subset. 

1. LetaE I q H k (X; F) and x G FHj(X, A; F). Then 

d(a~x) = - (dx) 

in PHj_k-i{A; F), where d is the connecting homomorphism. 

2. Let a G I q H k (A- F) and x G PH^X, A; F). Then 

5(a) ^ x = — (— ^ dx) 

in PHj_k(X; F), where d and 5 are the connecting homomorphisms . 

Proof. We prove part 2; part 1 is similar. 

5(a) ~ x = (1 ® 5(a)) d(x) 

= -(-lp(l®a)(l®d)d(x) 

= — (— <g) a)(i* ® l)d(dx) by Proposition 14.71 and the relative version of 14.51 
= -(-lpi*(a - dx) 

□ 

We conclude this subsection with a fact which that be needed at one point in Section El 
First observe that if M is a nonsingular manifold with trivial stratification the cross product 
induces a map 

H*(M; F) <g> PH*(X; F) -> PH*(M x X; F) 

for any perversity p. This map is an isomorphism by [T3"| Corollary 3.7], and we define the 
cohomology cross product 

x : H*(M; F) <g> I P H*(X; F) -> I P H*(M x X; F) 

to be the composite 

iT(M; F) ® /p/T (X; F) = Rom F (H*(M; F), F) <g> Kom F (I p H*(X; F), F) 
Hom F (#*(M; F) ® PH*(X; F), F) = Hom F (M*(M x X; F), F) = I P H*(M x X; F). 

Remark 4.20. Note that the second map in this composite, and therefore the entire compos- 
ite, is an isomorphism whenever either H*(M; F) or PH*(X\ F) is finitely generated. 

Proposition 4.21. Suppose Df > Dp + Dq. Let a G H*(M;F), x G H*(M;F), (3 G 
IgH*(X; F), and y G F#*(X; F). Then 

(a x (3) - (x x y) = (-l)l^l(a - z) x (/? - y) 

zn PH*(M x X;F). 
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Proof. This is a straightforward consequence of the definitions and the commutativity of 
(the outside of) the following diagram (where the F coefficients are tacit and Q denotes 

Qp,qh 



H*{M)®I f H+(X) 



d<X)d 



H*(M) ® H*(M) ® PH*{X) 8> im*(X) 



d®d 




H*(M x M) (g) /«#*(X x X) H*(M) ® PH*(X) <g> #*(M) ® IW*(X). 

X 

I Q H*(M x X x M x X) 



X® x 



PH*(M x X) ® I*H*(M x X) 



fH*(M x X) 

This diagram commutes by the definition of d and the naturality, associativity, and com- 
mutativity properties of the cross product. □ 



5 Fundamental classes 

Recall that the basic homological theory of oriented n-manifolds has three parts: the calcula- 
tion of H*(M, M — {x}) and the construction of the local orientation class; the construction 
of the fundamental class in H*(M, M — K) for K compact; and the calculation of Hi(M) for 
% > n. In this section we show that all of these have analogues for stratified pseudomanifolds 
using the perversity: 

Definition 5.1. is the perversity which is for all strata. 

We begin with an overview of the main results, which will be proved in later subsections. 
Let R be a ring, and let X be an n-dimensional stratified pseudomanifold. As usual, we 
do not assume that X is compact or connected and we allow strata of codimension one. 
Let X n denote X — X™" 1 . Recall the following definition from [201 Section 5]. 

Definition 5.2. An R- orientation of X is an i?-orientation of the manifold X n . 

Our first goal is to understand I°H*(X,X — {x}; R) (assuming X is i?-oriented) . 

To begin with we note that for x G X n we have I°H*(X, X — {x}; R) = H*(X n , X n — 
{x}; R) by excision. In particular the usual local orientation class in H n (X n , X n — {x}; R) 
determines a local orientation class o x 6 I°H n (X,X — {x}; R). 

Next we consider the case when X is normal (that is, when its links are connected) H 
The following proposition generalizes a standard result for i?-oriented manifolds. 

Proposition 5.3. Let X be a normal R-oriented n-dimensional stratified pseudomanifold. 

3 This differs from the definition of normal given in |20[ Section 5.6] but is equivalent in the cases considered 
there. 



15 



1. For allxeX and all i ^ n, I°Hi(X, X - {x}; R) = 0. 

2. The sheaf generated by the presheaf U —> I°H n (X, X — U; R) is constant, and there is 
a unique global section s whose value at each x G X n is o x . 

3. For all I°H n (X,X — {x}; R) is the free R-module generated by s(x). 

Definition 5.4. Let X be a normal .R-oriented stratified pseudomanifold, and let x G X. 
Define the local orientation class o x G I°H n (X,X — {x}; R) to be s(x). 

Now we recall that Padilla [2Sj constructs a normalization n : X — > X for each stratified 
pseudomanifold X. Here X is normal and it has the properties given in [28l Definition 2.2]; 
in particular ir is a finite-to-one map which induces a homeomorphism from X — X n ~ x to 
X — X" -1 . Padilla shows that the normalization is unique up to isomorphism (that is, up 
to isomorphism there is a unique X and n satisfying [2"g| Definition 2.2]). 

Proposition 5.5. Let X be an R-oriented n- dimensional stratified pseudomanifold, not 
necessarily normal. Give X the R-orientation induced by ir. Let x G X . 

1. For all i ^ n, f°Hi(X, X - {x}; R) = 0. 

2. I°H n (X,X — {x}; R) is the free R-module generated by the set {ir*(o y ) | y G 7r _1 (a;)}. 

Definition 5.6. Let X be an i?-oriented stratified pseudomanifold and give X the R- 
orientation induced by ir. For x G X, define the local orientation class o x G I°H n (X,X — 
{x}; R) to be 



This is consistent with Definition 15.41 because for normal X, ir is the identity map. 
Our next result constructs the fundamental class. 

Theorem 5.7. Let X be an R-oriented stratified pseudomanifold. For each compact K C X , 
there is a unique G I°H n (X, X — K\ R) that restricts to o x for each x G K. 

Definition 5.8. Define the fundamental class of X over K to be Tx- 

Remark 5.9. For later use we note that if K C K' then the map I°H n (X,X — K';R) — > 
I°H n {X, X-K-R) takes T K > to Y K . 

Our next result describes I°Hi(X; R) = for i > n when X is compact. Note that if 
Z is a regular stratum of X then the closure Z (with the induced filtration) is a stratified 
pseudomanifold; this follows from a straightforward induction over the depth of X. 

Theorem 5.10. Let X be a compact R-oriented n-dimensional stratified pseudomanifold. 
1. I°Hi(X;R) = 0fori>n. 
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2. The natural map 

f°H n {Z;R) f°H n (X;R) 
z 

is an isomorphism, where the sum is taken over the regular strata of X . 

3. If Z is a regular stratum of X, then I°H n (Z; R) is the free R-module generated by the 
fundamental class of Z . 

Remark 5.11. If X is connected and normal then X has only one regular stratum, by [28| 
Lemma 2.1]. So in this case we have I°H n (X; R) = R. (This also follows from the second 
proposition in [20j Section 5.6], but that result does not give the relation with the local 
orientation classes.) 

Here is an outline of the rest of the section. We prove Proposition 15.31 and Theorems 
15.71 and 15.101 (assuming X is normal) in Subsections 15.11 and 15.21 We deduce Proposition 15.51 
and the general case of Theorems 15.71 and 15.101 in Subsection 15.31 In Subsection 15.41 we give 
some further properties of the fundamental class, and in Subsection I5.5[ we show that if X is 
compact and has no strata of codimension one then Fx is independent of the stratification. 

Remark 5.12. In this section we focus attention on the perversity because this is where 
the fundamental class needed for our duality results lives, but much of our work is also valid 
for other perversities and even for ordinary homology: 

1. For any nonnegative perversity p, Propositions 15.31 and 15.51 and Theorems 15.71 and 
15.101 all hold with 1° H* replaced by PH*, except that it is not true in general that 
PH*(X, X — {x}; R) = for * < n. The proofs are exactly the same. 

2. If X is normal and has no codimension one strata then Proposition 15.31 and Theorems 
15.71 and [5.101 hold with PH* replaced by ordinary homology H*, except that it is not 
true that H^I^X, X — {x}; R) = for * < n. Again, the proofs are exactly the same. 

5.1 The orientation sheaf 

Our goal in this subsection will be to prove Proposition 15. 3[ while in the next subsection we 
prove Theorems 15 . 71 and 15.101 under the assumption that X is normal. The general plan of the 
proofs is the same as in the classical case when X is a manifold; see e.g. [2H Theorem 3.26] 
for a recent reference. However, there are some technical issues that need to be overcome 
due to the lack of homogeneity of X. 

The proofs of the proposition and the theorems proceed by a simultaneous induction on 
the depth of X. Note that if the depth of X is 0, then X is a manifold, and all results follow 
from the classical manifold theory. In the remainder of this subsection, we prove Proposition 
15.31 under the assumption that Proposition 15.31 and Theorems 15.71 and 15. 101 have been proven 
for normal stratified pseudomanifolds of depth less than that of X. In the next section, we 
will then use Proposition 15.31 to prove Theorems 15.71 and 15.101 at the depth of X. 
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Proof of Proposition \5.3[ Recall we let Xj = X % — 

We first show that for any x G X, f°H n (X, X -{x}; R) = R and I^H^X, X-{x}] R) = 
for i 7^ n. This is trivial for x G X„. For x G X„,_fc, we may assume that x has 
a distinguished neighborhood of the form iV = R n_fc x cL k ~ l . By excision (see [12]). 
I®Hi(X,X - {x};R) = I Q Hi(N,N - {x};R), and by the Kiinneth theorem [23] with the 
unfiltered (R n_fc , R n ~ fc — 0), this is isomorphic to I°Hi_( n _ k )(cL, cL — {x};R). By the cone 
formula, this is / if i _( re _ fe )_ 1 (L; R) for i — (n — k) > k — 1 (i.e. for i > n) and otherwise. 
The link L is compact by the definition of a stratified pseudomanifold, it is connected since 
X is normal, and it has depth less than that of X. So by induction, I°Hk-i(L; R) = for 
i > k — 1 and, given an i?-orientation of L (which we shall find in a moment), we have 
I°Hk-i(L; R) = R with a preferred generator Tl representing the local orientation class. It 
follows that I°Hi(X, X - {x}; R) = for i ^ n and I~°H n (X, X-{x};R) = R for any x G X. 

The I°H n (X,X — {x}; R) are the stalks of the sheaf O x generated by the presheaf 
U — > I°H n (X, X — U;R). We next show this is a locally constant sheaf. Certainly it is a 
locally-constant sheaf over X n by manifold theory. So assume by induction hypothesis that 
this sheaf is locally-constant over X — X n ~ k . Let x G X n _ k , and again choose a distinguished 
neighborhood iV = IR n-fc x cL. To appropriately orient L, we assume that L is embedded 
in cL as some b x L with b G (0, 1), and we use that for any choice z G iV D X n , there is 
a local orientation class o z G I°H n (X, X — {z}; R), determined by the orientation of X. In 
particular, let z G L H X n C iV, which we can write as z = (0, 6, c) for G IR n-fc , 6 G (0, 1) 
(along the cone line), and c G L - L k ~ 2 . Then I°H n (X, X - {z}; R) # n „ fc (R™^, R n ~ fe - 
{0};Z)®i?i((0, 1), (0, l)-{6};Z)(g>/ 5 if fc _i(L,L-{c}; Choosing the canonical generators 
of H n _ k (R n ~ k ,R n ~ k - {0};Z) and #i((0, 1), (0, 1) - {6};Z), the local orientation class of 
I°H n (X,X — {z};R) thus determines a local orientation class of I°Hk-i(L, L — {c};i?). 
Since c E L — L k ~ 2 was arbitrary but the generators of H n _ k (M. n ~ k , R n ~ fc — {0};Z) and 
i?i((0, 1), (0, 1) — {6}; Z) are fixed and we know the generator of 1° H n (X , X — {z}; R) remains 
constant over L D X n , this determines a fixed i?-orientation of L and hence a choice of F^. 

Now, having chosen the i?-orientation for L and a corresponding fundamental class F^, a 
more careful look at the usual Kiinneth and cone formula arguments show that I°H n (N, N — 
{x}; R) = R is generated by [r/] x cF^, where r\ is a chain representing the local orientation 
class of H n _ k (R n - k , R n ~ k - 0; Z) and aT L is the singular chain cone on Fl. More explicitly, 
if we let £ stand for a specific intersection chain representing the class Fl, continuing to 
consider L as the subset {b} x L C cL, then oT^ is represented by the chain c£ formed by 
extending each simplex a in £ to the singular cone simplex [v,a], where v represents the 
cone point of cL. 

Now, if we assume x lives at x v G N = R n ~ k x cL, where is the origin in R n_fc and v 
is the cone point of cL, then we can take a smaller neighborhood N' of x with N' = B$ x c e L, 
where B$ is the ball of radius S about the origin in R n ~ k and c E L is ([0, e] x L)/ ~ within the 
cone ([0, 1) x L)/ ~ (where ~ collapses L x to a point). We choose § so that the image of 
rj in if n _/ c (R n_fc , R n ~ k — {a}; Z) is a generator for all a G Bg, and we let e < b, where again 
we have embedded L in cL at distance b from the vertex. With these choices, the chain 
[77] x cr L not only generates I 5 H n (N, N -{x};R) = I 5 H n (X, X -{x};R) = R, but it also 
restricts to the local orientation class o z G I°H n (X, X — {z}; R) for any z G N' fl X n . 
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Next we observe that I°H n (X, X — N'\ R) = I°H n (X, X — {x}; R) via the inclusion map 
since X—N' is stratified homotopy equivalent to X — {x} (see Appendix|X|), and furthermore, 
[77] x cT L generates both groups. Similarly, it generates I°H n (X,X — {x'}; R) for any other 
x 1 G N' fl X n _fc. This is enough to guarantee that our orientation sheaf is locally constant 
along N' n X n _fe. But now also if z is any point in the top stratum of N', we have seen 
that o z G I°H n (X,X — {z};R) = R is also represented by [77] x cT L (and in a way that 
preserves the choice of orientation). But then by the induction hypotheses, this chain must 
also restrict to o z , G I°H n (X,X - {z'}; R) ^ R for any z' G N' - N' n X n _ k . So O x is 
constant on N', and for x' G N' fl X n _fc, we can now let cv G I°H n (X, X — {x'}; R) be the 
image of [77] fl cTl- 

It now follows by induction that O x must be locally constant. Furthermore, over suffi- 
ciently small distinguished neighborhoods N', we have found local sections that restrict to 
o x for each x G N' fl X n . If U, V are any two such open sets of X with corresponding local 
sections su, sy, then we see that su and sy must therefore agree on U nVC\X n . But it follows 
from the local constancy that they must therefore also agree on all of U D V. Therefore, 
we can piece together the local sections that agree with the local orientation classes into a 
global section, and it follows that O x is constant. 

□ 

5.2 Fundamental classes and global computations 

In this section, we provide the combined proofs of Theorems 15.71 and 15.101 assuming X is 
normal and assuming Proposition 15.31 up through the depth of X. In order to prove Theorem 
15.101 we need a somewhat stronger version of Theorem 15.71 

Proposition 5.13. Suppose X is a normal n- dimensional R- oriented stratified pseudoman- 
ifold. Then for any compact K C X, I°Hi(X,X — K;R) = for i > n, and there is a 
unique class Tk G I H n (X, X — K; R) such that for any x G K, the image of Fx in X is the 
local orientation class o x G I°H n (X,X — {x};R). Furthermore, if r) G I°H n (X,X — K;R) 
is such that the image of 77 in I°H n (X,X — {x}; R) is zero for all x G K, then 77 = 0. 

Proof of Proposition \5.13[ We first observe that if the proposition is true for compact sets 
K, K', and K fl K', then it is true for K U K' . This follows from a straightforward Mayer- 
Vietoris argument exactly as it does for manifolds (see [211 Lemma 3.27]). Also analogously 
to the manifold case in [2TJ, we can reduce to the situation where X has the form of a 
distinguished neig hborhood X ^ W n ~ k x cL k ~ l . To see this, we note that any compact 
K C X can be written as the union of finitely many compact sets K = K\ U . . . U K m 
with each Ki contained in such a distinguished neighborhood in X. This can be seen by a 
covering argument using the compactness of K. Now, notice that (K~i U • • • U K rn _i) fl K m = 
(Ki n K m ) U ■ ■ • U (K m _i n K m ) is also a union of m — 1 compact sets each contained in a 
distinguished neighborhood, so the Mayer- Vietoris argument and an induction on m reduces 
matters to the base case of a single K inside a distinguished neighborhood. Then by excision, 
we can assume that X = M. n ~ k x cL k ~ l . 
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The next step in the classical manifold setting, as discussed in [21] , would be to consider 
the case where K is a finite union of convex sets in R n . This is not available to us in an 
obvious way. However, let us define a compact set in X = W a ~ k x cL k ~ l to be PM-convex 
( "PM" for pseudomanifold) if either 

1. it has the form Cx ([0,6] xL)/ ~, where C is a convex set in M. n ~ k , and ([0, b] x V)j ~ 
is part of the cone on L, including the vertex, or 

2. it has the form C x [a, b] x A, where C is a convex set in M n_fe , A is a compact subset 
of L, and [a, b] is an interval along the cone line with a > 0. 

It is clear that the intersection of any two PM-convex sets is also a PM-convex set, so 
another Mayer- Vietoris argument and induction allows us to reduce to the case of a single 
PM-convex set. For PM-convex sets of the second type, we can use an excision argument 
to cut W n ~ k x {v} (where v is the cone vertex) out of I°H*(X, X — K; R) and then appeal 
to an induction on depth. For a PM-convex set K of the first type, computations exactly 
as in the proof of Proposition 15.31 show that there is a class V k with the desired restrictions 
to I°H n (X,X — {x};R) for each x G K. Now, by stratified homotopy equivalence (see 
Appendix E}, PH*(X,X- K; R) = I Q H*(X,X - {x}; R) for any x G C x v, and by the 
usual computations then I°H*(X,X - K\ R) = I°H*(X,X - {x}; R) ^ / 5 ^_ n _ fc _i(L; R), 
which is for * > n and R for * = n. Therefore, any other element of I°H n (X, X — K; R) 
that is not cannot yield the correct generator of I°H n (X, X — {x}; R) upon restriction, 
and so is unique. Furthermore, we see that if rj G I°H n (X, X — K; R) restricts to in 
1 H n (X, X — {x}; R) for any x G C x v C K then 77 = (and so certainly 77 = if 77 goes to 
in I 5 H n (X, X - {x}; R) for every x G K). 

Next, we consider an arbitrary compact K in M. n ~ k x cL k ~ l and again follow the general 
idea from [2T]. For the existence of a T^, let Tx be the image in I°H n (X, X — K;R) of any 
T/j, where D is any PM-convex set sufficiently large to contain K. It is clear that such a 
D exists using that our space has the form W l ~ k x cL k ~ 1 . By applying the results of the 
preceding paragraph for the PM-convex case, we see that Tk has the desired properties. 
To show that Tk is unique, suppose that Y' K G I°H n (X,X — K;R) is another class with 
the desired properties. Suppose z is a relative cycle representing Y K — Y' K G I°H n (X,X — 
K; R). Let \dz\ be the support of dz, which lies in X — K. Since \dz\ is also compact, we 
can cover K by a finite number of sufficiently small PM-convex sets that do not intersect 
\dz\. Let P denote the union of these PM-convex sets. The relative cycle z defines an 
element a G I 5 H n (X, X — P;R) that maps by inclusion to T K — Y' K G I 5 Hi(X, X — K;R). 
So a is in I°H n (X, X — {x}; R) for all x G K. This implies that the image of a is 
also in I°H n (X, X — {x}; R) for all x in P. To see this, note that any x G P is in 
the same PM-convex set, say Q, as some y G K. But then by the preceding paragraph, 
r°H n (X,X - {x};R) r°H n (X,X -Q;R) = I Q H n (X,X - {y};R). But now we must 
have a = in I°H n (X, X — P;R) since P is a finite union of PM-convex sets. Hence 
Tk — Y' K = 0. This implies the uniqueness of the class Tk- The same arguments show that 
if 77 G I°H n (X, X -K-R) goes to in f°H n (X, X - {x}; R) for each x G K, then 7/ = 0. 
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Finally, to see that J°i?j(X, X — K; R) = for % > n, again let z be a relative cycle 
representing an element £ G I°Hi(X,X — K; R), i > n. We can form P exactly as in the 
preceding paragraph. Once again, the relative cycle z defines an element a G I°Hi(X,X — 
P;R) that maps by inclusion to £ G I°Hi(X,X — K;R). But now if % > n, then by the 
preceding results, a = since P is PM-convex. Thus also £ = 0. □ 

For X normal, we can now complete the proof of Theorems 15.71 and 15.101 Theorem 15.71 
follows directly from Proposition 15.131 as well as the first part of Theorem 15.101 by taking 
K = X if X is compact. 

We need to see that if X is compact and connected then I°H n (X; R) = R, generated by 
Fx- For any x G X, we have a homomorphism I°H n (X; R) — > I°H n (X, X — {x}; R) = R, 
which we know is surjective, sending Fx onto a local orientation class, by Proposition 15. 131 
On the other hand, suppose that r\ G I°H n (X; R) goes to G I°H n (X,X — {x};R) for 
some x G X. Since x — > im(?7) G I°H n (X,X — {x}; R) is a section of the locally-constant 
orientation sheaf, this implies that im(?7) = G I°H n (X, X — {x}; R) for all x G X (since X 
is connected). But then rj = by Proposition 15. 131 Thus for any x E X, the homomorphism 
I°H n (X;R) — > I°H n (X, X — {x};R) = R is an isomorphism. If X has multiple compact 
normal connected components, the rest of the theorem follows by noting that I°H n (X;R) 
is the direct sum over the connected components and by piecing together the results for the 
individual components. □ 



5.3 15. 5L 15.71 and 15.101 for general pseudomanifolds 

Proof of Proposition 15.51 If X is not necessarily normal, let ir : X — > X be its normaliza- 
tion. By Lemma IC.ll of the Appendix [C] (which extends results well-known for Goresky- 
MacPherson perversities), it induces isomorphisms I°H^(X, X — 7r -1 (f7); R) — > I°H*(X, X — 
U;R). Proposition 15.31 then implies that I°Hi(X,X — {x};R) = for i ^ n and that 
O x ^ ir*O x . We thus obtain our desired global section of O x from the preferred global 
section of O x using the general sheaf theory fact T(X; n 1f O x ) = T(X; O x ). The formula for 
I°H n (X, X — {x}; R) also follows from basic sheaf theory. □ 

Finally, we prove Theorems I5.7I and I5.10I for X not necessarily normal. 

Proof. If X is not necessarily normal, once again there is a map it : X — > X such that X is 
normal, it restricts to a homeomorphism from X — X n ~ l to X n = X-J"" 1 , and tt induces an 
isomorphism on intersection homology by Lemma 10. II In addition, the number of connected 
components of X is equaflto the number of connected components of X — X™" 1 . Notice that 
if Z is such a component of X — X n ~ l , tt restricts to a normalization map from the closure 
of Z := iT~ l (Z) in X to the closure of Z in X, which is also a stratified pseudomanifold (as 
follows from a local argument via an induction on depth). Also, if K is a compact subset 

4 Since X — X"™" 1 = X — X n ~ l and X — X n ~ 1 is dense in X, the number of connected components of 
X is less than or equal to the number of components of X — X n ~ x . But each connected normal stratified 
pseudomanifold has only one regular stratum [281 Lemma 2.1], so this must in fact be an equality. 
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of X, then K = 7r — is compact since tt is proper, and n restricts to the normalization 
X — K — > X — K (see Proposition 2.5 and Theorem 2.6 of [2"8]). 

So it also induces isomorphisms I°H*(X, X — K; R) — > I°.£7*(X, X — K; R), and since X 
is normal, our preceding results yield a unique fundamental class G I°H n (X, X — K; R) 
and show that I°Hi(X,X — K;R) = for i > n. But the isomorphism 7r on intersection 
homology then shows that I°Hi(X,X — K; R) = for i > n and provides a class 7rrV G 
I°H n (X, X — K; R). Let us see that itTk has the desired properties for it to be IV • 



By taking sufficiently small distinguished neighborhoods around x G X, letting ir~ 



{yi, ■ ■ • ,2/m}, and excising, we have the following commutative diagram (coefficients tacit): 



I°H n (X,X-k) -+ I°H„(X,X -tv-^x)) I°H n (N, N - n'^x)) ^ eZi^Hn^N,, N, - Vi ) 



I B H n (X,X - K) 



I 5 H n (X,X-x) 



I 5 H n (N,N-x) 



(1) 



So by the definition of the local orientation class o x , we see that the image of ttTr i n 
I°H n (X, X — {x}; R) is precisely o x since Tk restricts to the local orientation class in each 
I°H n (X,X — {yi};R). Restricting this same argument to Z and cl(Z) demonstrates that 
the image of T d ^ must be Tg- 

To see that Tk is unique, let T' K be another class with the desired properties. Then Tk 
and T k' each correspond to unique elements Tk and Tk> in I°H n (X ,X — K; R). But now 
using diagram ([1]) again, we see that Tk and T' K must each restrict to the local orientation 
class of I°H n (X , X — {y}; R) for each y G K or else their images in I°H n (X, X — {x}; R) 
will not be correct. But by the uniqueness for normal stratified pseudo manifolds, which we 
obtained in Proposition 15.131 this implies IV = T' K , and so T K = T' K . 

This completes the proof of Theorem 15.71 

If X n is connected and we take K — X, then Theorem 15 . 1 01 follows immediately from the 
isomorphism f°H,(X; R) I°H*(X; R). 

If X n is not connected, let Z be the closure of Z in X, let cl(Z) be the closure of Z in 
X, and notice X is the disjoint union of the connected components X = IIcl(Z). So then 



) z r o H n (d(Z);R) ^ r°H n (X;R) 



(2) 



) z I°H n (Z; R) » f°H n (X- R). 



The top map is an isomorphism because the spaces cl(Z) are disjoint. The vertical maps 
are normalization isomorphisms, and it follows that the bottom is an isomorphism. Thus it 
follows from the normal case that I 5 Hi(X;R) = for i > n and that I®H n (X;R) = R m , 
where m is the number of connected components of X — X n ~ x . 

The remainder of the Theorem 15.101 follows since our earlier arguments imply that the 
image of ^ c uz) e I°H n (cl(Z); R) under the normalization 7r| d ^ : c\(Z) — > Z is T% G 
I°H n (Z;R). □ 
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5.4 Corollaries and Complements 

For later use we record some further properties of the fundamental class. 

Corollary 5.14. Suppose X is a compact connected normal n- dimensional R- oriented strat- 
ified pseudomanifold. IfjG I°H n (X; R) = R is a generator, then 7 is the fundamental class 
of X with respect to some orientation of X . 

Proof. If Tx is the fundamental class of X with respect to the given orientation, then clearly 
7 = rFx for some unit r G R. Thus the image of 7 in any I°H n (X, X — {2}; R) is r times 
the image of Tx in I°H n (X, X — {x}; R). Thus 7 is the fundamental class corresponding to 
the global orientation section obtained from that corresponding to Tx by multiplication by 
r. □ 

Corollary 5.15. Suppose X is a compact connected n-dimensional R-oriented stratified 
pseudomanifold. Let {xj} be a collection of points of X, one in each connected component 
of X - I"" 1 . I/7 G I°H n (X; R) restricts to o Xi G I°H n (X,X - {x*}; R) for each x i; then 
7 = Tx- More generally, given that X is orientable, any element of I°H n (X; R) that restricts 
to a generator of each I°H n (X,X — {x^}; R) determines an orientation of X . 

Proof. First assume X is given an orientation and hence has a fundamental class Tx- We 
know Tx has the desired property. It is clear from Theorem 15.71 and diagram (j2j), that no 
other element of I°H n (X; R) can have this property, since, as in the proof of the preceding 
corollary, any other element of I°H n (X; R) would have to restrict to a different element of 
I°H n (X, X — {xi}; R) for at least one of the Xj. 

Conversely, an element of I°H n (X; R) that restricts to a generator of each I°H n (X, X — 
{x-i}; R) determines a local orientation at each Xj. But since X is orientable, any local 
orientation at one point of each regular stratum determines an orientation of X. □ 

Our next result will be needed in [17] . It utilizes the definition of stratified homotopy 
equivalence given in Appendix IA1 

Corollary 5.16. Suppose X and Y are compact n-dimensional stratified pseudomanifolds, 
that X is R-oriented, and that / : X -^-Y is a stratified homotopy equivalence. Then Y is 
orientable and f takes Tx to Ty for some orientation ofY. 

Proof. By Padilla [281 Theorem 2.6], normalization is functorial, so we have a diagram 

I~ H n (X;R)^r o H n (Y;R) 



X 



~Y 



I H n (X;R)^f°H n (Y;R). 

The bottom map is an isomorphism by the invariance of intersection homology under strati- 
fied homotopy (see Appendix |Aj , and the vertical maps are isomorphisms by normalization. 
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Hence the top map is also an isomorphism. Borrowing the notation from above, since each 
connected component c\(Z) of X is a compact connected oriented normal stratified pseu- 
domanifold, with its orientation coming from that of the stratum Z C X, we have each 
I°H n (cl(Z); R) = R, and the fundamental class determined by Fx is a sum of generators 
of the separate I°H n (c\(Z); R). Since X and Y are stratified homotopy equivalent, there 
is a bijection between connected components of X — X"" 1 and Y — V™ -1 , and / induces 
homotopy equivalences of these manifolds. It follows that Y must be orientable and that 
f{Ty) must similarly be a sum of generators of the corresponding I°H n (cl(S); R) for regular 
strata S C Y. By Corollary 15. 141 these generators must be fundamental classes for the cl(S') 
with respect to some orientation on Y. This determines an orientation of Y by the homeo- 
morphism Y — Y n ~ l = Y — Y n_1 , and, it follows from the diagram that f(Vx) = ^yJX^x) 
is the corresponding fundamental class on Y. □ 

We conclude this subsection with a fact that will be needed at one point in Section 
|6j First observe that if M is an i?-oriented manifold and X is an .R-oriented stratified 
pseudomanifold of dimension n there is a canonical i?-orientation on M x X (namely the 
product orientation on M x X n ; see [HI VIII. 2. 13]). 

Proposition 5.17. Let M be an R-oriented manifold and let X be an R-oriented stratified 
pseudomanifold. Let K\ C M and K 2 C X be compact. Then F K] x r k 2 — ^K!xk 2 i> n 
f°H,(M x X, M x X - Ki x K 2 ). 

Proof. It suffices to show that for each x G M and y G X we have 0( Xjy \ = o x x o y . 

First suppose X is normal. Applying Proposition 15.3( 2) to M, X and M x X gives 
sections s, t and u. Then s x t is a continuous section which agrees with u for regular points 
by [3 VIII. 2. 13] and hence for all points by the uniqueness property in Proposition 15.3( 2). 
Thus we have 

0( x ,y) = u(x, y) = s(x) x t(y) = o x x o y 

for all x G M and y G X. 

For general X, let ir : X — > X be a normalization. Then 1 x n : M x X — > M x X is also 
a normalization by [281 Example 2.3(3)], and if x G M, y G X we have 

o x x o y = o x x ^2 7T*(o 2 )j 
ze7r -1 (i/) 

(1 x n%(o M ) 

(x,z)£(lxn)- 1 (x,y) 

□ 

Remark 5.18. The analogous fact is true for a product of two pseudomanifolds, but the 
proof is more involved (because one has to show that the product of two normalizations is a 
normalization). 
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5.5 Topological invariance of the fundamental class 

In this subsection, we demonstrate a fact needed in [T7]: the fundamental class of a compact 
oriented stratified pseudomanifold with no codimension one strata is an oriented homeomor- 
phism invariant. 

The proscription on codimension one strata is necessary because the group I°H n (X; R) 
itself depends on the stratification of X if codimension one strata are allowed. For example, 
let S = S 1 be the unit circle stratified trivially, and let 5" be the circle stratified as S 1 D 
{x,y}, where x,y are any two distinct points of S 1 . Then simple computations reveal that 
PH^S; R) = HxiS; R) ^ R but I°Hi(S';R) ^ H^S 1 , {x,y}; R) = R® R. 

For the remainder of this subsection, we limit discussion to stratified pseudomanifolds 
with no codimension one strata. 

We recall from [23] that for any stratified pseudomanifold X there is an intrinsic coarsest 
"stratification" X* of X (which is actually a CS-set, not a stratified pseudomanifold) that 
depends only on X as a topological space. The inclusion map I°H*(X; R) — > I®H*(X*; R) 
is an isomorphism, and hence if X' is a restratification of X (that is, the space X with an 
alternate pseudomanifold stratification) there is a canonical composite isomorphism 

f°H,{X; R) ^ f°H*{X*; R) ^ f°H*(X f ; R). 

We first show that an orientation of X determines an orientation on each restratification 
of X and on X*. 

Lemma 5.19. Let X be an oriented stratified pseudomanifold. Let X' be a restratification 
of X . Then X' has a unique orientation so that the induced orientations on X n fl X' n from 
X and X' agree. This remains true with X' replaced by X* . 

Proof. The proof is the same for X' or X*. Note that since X* is coarser than X or X', it 
must also have no codimension one strata. 

Notice that X n fl X' n is dense in both X n and X' n since X n and X' n are each dense in X. 
Now, by definition, an orientation on X is an orientation on X n , i.e. an isomorphism on 
X n from the orientation i?-bundle to the constant i?-bundle. Just as in the proof of Borel 
[U Lemma 4. 11. a], the restriction of this isomorphism to the dense subset X n fl X' n extends 
uniquely to an isomorphism from the orientation i?-bundle to the constant i?-bundle on X' n , 
using the equivalence of local systems with 7Ti-modules on connected manifolds (in this case, 
components of X' n ), and that the fundamental group of a dense open set of a connected 
manifold surjects onto the fundamental group of the connected manifold. □ 

Proposition 5.20. If X is a compact R-oriented n-dimensional stratified pseudomanifold 
and X' is a restratification of X with the induced R-orientation then the canonical isomor- 
phism f°H n (X- R) = r°H n (X'; R) takes T x to T x ,. 

Proof. This follows easily from Corollary 15.151 choosing points in X n fl X' n . □ 

Finally, we observe that the fundamental class is an oriented topological invariant. To see 
what this means, suppose X, Y are compact -R-oriented n-dimensional stratified pseudoman- 
ifolds and that / : X — > Y is a topological homeomorphism (not necessarily stratified). The 



25 



stratification of X induces a restratification Y' ofY with {Y') 1 = f(X l ) and the i?-orientation 
of X induces an i?-orientation of Y'. 

Definition 5.21. Let X, Y be compact i?-oriented n-dimensional stratified pseudomanifolds 
without codimension one strata. We will say that the topological homeomorphism / : X — > 
Y is an oriented homeomorphism if the induced orientation on Y' is consistent with the given 
orientation of Y in the sense of Lemma 15.191 

The following corollary is now evident from the preceding results of this subsection: 

Corollary 5.22. If f : X — > Y is an oriented homeomorphism of compact R-oriented n- 
dimensional stratified pseudomanifolds without codimension one strata, then f takes Tx £ 
I°H n (X] R) to T Y e I~ Q H n (Y- R). 

6 Poincare duality 

Let F be a field. In this section all intersection homology and cohomology will have F 
coefficients. 

We will show that cap product with the fundamental class induces a Poincare duality 
isomorphism from compactly supported intersection cohomology to intersection homology. 

Let X be an F-oriented stratified pseudomanifold of dimension n, possibly noncompact 
and possibly with codimension one strata. Let p be a perversity. 

Definition 6.1. The compactly supported intersection cohomology of X with perversity p, 
denoted IpH*(X; F), is defined to be 

lim I P H* (X, X -K] F), 

where K ranges over all compact subsets of X. 

Let q = i — p. 

For each compact K C X we define 

9 K ■ IpH*(X, X - K; F) -> f q H n ^{X; F) 

by 

^(«) = (-i) H >-rV). 

Remark 6.2. For the sign (— l)' Q ' n , which does not appear in the literature, see [HI Section 
4.1], where this sign is introduced to make the duality map a chain map of appropriate 
degree. 

Next we observe that the 9k are consistent as K varies. Let K C K' and let j : X—K' 
X — K be the inclusion. Then for a G IpH*(X, X — K) we have 

9 K i3*a) = (-l)^ n ((3*a)~T' K ) 

= (-l) |a|n (a - (j*T' K )) by Proposition EES] 
= (-l) |a|n (a - T K ) by Remark EH 
= 9 K (a). 
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Now we define 



9 : IpH* c (X; F) PH n _*{X; F) 



to be 



lini ^x- 

Theorem 6.3 (Poincare duality). Let F be a field. Let X be an n- dimensional F-oriented 
stratified pseudomanifold, possibly noncompact and possibly with codimension one strata, and 
let p + q = i. Then 3s : IpHl(X; F) — > PH n _i(X; F) is an isomorphism. 

Proof. We argue by induction on the depth of X. When X has depth 0, X is a manifold and 
the result is classical. So we assume now that X has positive depth and that the theorem 
has been proven on stratified pseudomanifolds of depth less than that of X. 

Lemma 6.4. If the conclusion of Theorem 1 6. 3\ holds for the compact F-oriented stratified 
k — 1 pseudomanifold L, then it holds for cL. 

For the proof we need some notation, which will also be used later. 

Notation 6.5. For < r < 1 let c r L denote the image of [0, r] x L in cL = ([0, 1) x L)/ ~. 

Proof. We orient cL consistently with the product (0, 1) x (L — L k ~ 2 ) = cL — (cL) k ~ l . Let 
v denote the vertex of cL. 

We are free to choose any cofinal collection of compact sets, so we choose K to have the 
form c r L, < r < 1. 

Fix such a K. We claim that the map 



@ K : I p H\cL, cL -K-F)^ im k ^{cL- F) 

is already an isomorphism (before passage to the direct limit). 

Let b e (r, 1) and let j : L — > cL take x to (b,x). Then j is a stratified homotopy 
equivalence L — > cL — K, so Appendix A implies that, for every f, is an isomor- 
phism I f H*(L;F) — y P'H^icL — K;F) and j induces an isomorphism P' H*(cL, L; F) — > 
I f H*(cL,cL- K; F). 

Now if % < k — p({v}) then Proposition 12.31 and Remark 14.91 imply that the the domain 
and range of SIk are both and 3)k is vacuously an isomorphism. 
So let % > k — p({v}) and consider the following diagram 



I p H\cL } cL -K;F)J- IpH^^cL ~K;F)^ 



(L;F) 



im k _ t (cL;F) 



im^cL-K- F) 



ieH^m f). 



The right vertical arrow is an isomorphism by hypothesis (since L is compact), and the 
right square commutes up to sign by Proposition 14.161 so the middle vertical arrow is an 
isomorphism. Proposition 12.31 and Remark 14.91 imply that the horizontal arrows in the left 
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square are isomorphisms so it suffices to show that the left square commutes up to sign. For 
this it suffices, by Proposition 14. 19( 2) , to show that j*r^ = <91~V. This in turn follows from 
the fact, shown in the proof of Proposition 15.3} that cT L = Y K (in that proof it was assumed 
that X is normal, but the relevant part of the argument holds more generally). □ 

Lemma 6.6. If the conclusion of Theorem 1 6. 31 holds for the compact F -oriented stratified 
k — 1 pseudomanifold L, then it holds for M x cL, where M is an F -oriented unstratified 
n — k manifold and we use the product stratification and the product orientation. 

Proof. For convenience, let M x cL — Y. 

Any compact set K C Y is contained in the compact set Pi(K) x p 2 (K), where pi,p 2 are 
the respective projections to M and to cL. So the compact sets of the form Ki x K 2 C Y 
are cofinal among all compact sets. Furthermore, since compact sets of the form c r L (in the 
notation of the proof of Lemma 16.41) are cofinal among compact sets in cL, compact sets of 
the form K\ x c r L are cofinal among the compact sets of Y. Therefore, to prove the lemma, 
it suffices to show that the direct limit of the maps 

■ - T KlXCrL : I P H\Y, Y — (Ki x c r L); F) PH n -i(Y; F) 

is an isomorphism. 

Now consider the following diagram. 



IpH* (Y, Y — Ki x c r L;F) ^- H*(M,M - K X ;F) ® I p H*(cL,cL- c r L\F) 



(-r Kl )«(-r Cr i) 



FH*{Y;F) 



H*(M) <8 I^H t (cL). 



Here the map c is defined by c(a ® (5) = { — \)^^ n ~ k \a x (3) (recall that the coho- 
mology cross product was defined just before Proposition 14.21] ). The diagram commutes 
by Proposition 15.171 and the relative version of Proposition 14.211 The lower horizontal ar- 
row is an isomorphism by Theorem 13.11 (using perversity for the M factor) and the up- 
per horizontal arrow is an isomorphism by the relative version of Remark I4.20( note that 
IpH*(cL,cL — CrL; F) is finitely generated because L is compact. The right hand vertical 
arrow induces an isomorphism after passage to the direct limit by [21], Theorem 3.35] and 
Lemma |6~4"1 It follows that the left hand vertical arrow induces an isomorphism after passage 
to the direct limit as required. □ 

We can now complete the proof of Poincare duality on X with a Zorn's Lemma argu- 
ment, as in the proof of manifold duality in Hatcher [21] Proof of Theorem 3.35]. By the 
induction assumption, any space of depth less than that of X satisfies the conclusion of 
the theorem. In particular, it is true on X — X m where X m is the smallest non-empty 
skeleton of X. Let U denote the set of open sets of X containing X — X m and on which 

is an isomorphism; U is partially ordered by inclusion. Suppose S is a totally ordered 
subset of U, and let W = UuesU. For U a C Ub elements of S, there is a natural map 
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IpH l c (U a ; F) — > IpH l c {U b ] F) since an element of IpH l c (U a ; F) is represented by an element of 
IpH*(U a , U a -K- F) for some compact K and then I p H\U a , U a -K; F) 2* IpIP(U bt U b -K; F) 
by excision. Furthermore, we then see that lim^^ IpH l c {U ; F) = IpH l c (W; F). Of course also 
im n _i(W; F) * lnn^ s F), and it follows that 9 : IpH l c (W] F) -> I^H n _i(W; F) 
is the direct limit of duality isomorphisms and hence an isomorphism. 

Therefore, each totally ordered set in U has a maximal element, and by Zorn's lemma, 
there is a largest open U C X such that U contains X — X m and duality holds on U. If 
U = X we are done. Suppose U ^ X, and let x G X—U. Then x G X— X n_fc for some fc > 1, 
and x is contained in a distinguished neighborhood N homeomorphic to W a ~ k x cL k ~ 1 . From 
now on we write X n _k for X n ~ k — X n ~ k ~ 1 . Proceeding as in the proof of [231 Proposition 
8] , let V — U fl N . Since this set is open (and so is U PI iV D X n _fc in X n _fc), we can shrink 
the cL factors in N to obtain an open neighborhood W of U D iV H in [/ D iV = V such 
that iy is homeomorphic to ([/ D N D X n _^) x cL. 

Now we have the following diagram, in which the rows are Mayer- Vietoris sequences: 

- I P H l c {W -WH X„_ fe ; F) * IpHi{W; F) © I p H*(V -Vn X n - k ;F) » IpH*(V; F) 



I*H n -i(W -Wf) X n _ k ;F) — im n ^(W; F) © IW n _i(V -Vn X n . k ; F) — 7«ff„_i(F; F) 



(3) 



The diagram commutes up to sign by Proposition 16.71 in subsection 16.11 

The left hand vertical map and the second summand of the middle map are isomor- 
phisms by the induction hypothesis on depth. The first summand of the middle map is an 
isomorphism by Lemma 16.61 Hence the right hand map is an isomorphism by the five lemma. 
Now we can plug this into the Mayer- Vietoris diagram 



IpHi(V;F) 



IpHl{U-F)®F p Hl{N-F) 



IpHl{UUN-F) 



* M^V; F) — FH n -i(U; F) © I«H n _ t (N; F) — PH^U U N; F) , 

and we conclude similarly that duality holds on U U N, contradicting the maximality of U. 
Hence we must have U — X and duality holds on X. 

Note: if we assume that X n ~ x is second countable, then rather than resort to Zorn's 
lemma, we could instead use the same diagrams to perform an induction, starting with 
X — X n ~ x and then taking unions one at a time with members of a countable covering of 
X n ~ l by distinguished neighborhoods. 

□ 

6.1 Commutativity of Diagram (E3) 

In this subsection all intersection chain groups and intersection homology groups have F- 
coefficients, which will not be included in the notation. Our goal is to prove the following 
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analogue of Lemma 3.36 of [2Tj . 



Proposition 6.7. Let X be an F -oriented stratified pseudomanifold. Let U and V be open 
subsets of X with X = U U V . Let p + q = i. Then the following diagram, in which the rows 
are Mayer-Vietoris sequences, commutes up to sign. 



I p Hi(UnV) 



I p Hi(U) e I p Hi(V) 



IpHt(X) 



i p H l c +1 (unv) 



(4) 



nv) im n -i(u) ® im n _i{v) im n _i(x) im^^unv) 



Our proof will follow the general strategy of [21] (but with our sign conventions). As 
in [21], the commutativity up to sign of the three squares shown in diagram (jlj) is an easy 
consequence of the three parts of the following lemma. 

Lemma 6.8. Let K and L be compact subsets ofU and V . The following diagrams commute. 
1. 

IpH k (X, X — KnL) - I p H k {X,X - K)®I p H k (X,X - L) 



i p H k (u nv,unv - KHL) I P H k (U, U-K)® I P H k (V, V -K) 



im n - k (UnV) 



im n _ k {u)®im n _ k (v) 



I p H k (X,X-K)® I p H k (X, X - L) — - I P H k (X, X - K U L) 



I p H k (U, U-K)® I p H k {V, V - K) 



I*H n - k {U) ® I*H n - k {V) - BH n _ k {X) 



3. 



I p H k (X, X-KUL)^ I p H k+1 (X, X — K HL) — >■ I p H k+1 (U nv,unv -KHL) 



•■^KnL (5) 



im n _ k {x) 
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In the remainder of this section we prove Lemma 16.81 

For part 1, it suffices to consider the two summands on the right hand side separately. 
We will verify commutativity for the first summand; the second is similar. Consider the 
following diagram, where all unmarked arrows are induced by inclusions. 

I p H k (X, X - K n L) I P H k (X, X - K) 




i p H k {u n v, u n v - k n l) - — i p H k (u, u-KnL) — - i P H k {u, u - K) 
im n _ k (unv) 

Here the upper half obviously commutes, and the lower half commutes by Proposition 14.161 
(using the fact that the inclusion (U,U — K) — >• (U,U — K D L) takes IV to T KnL ). 

For part 2, it again suffices to work one summand at a time. For the first summand, 
consider the following diagram. 

I p H k (X, X - K) I P H k (X, X-KUL) 




im n . k (u) i«H n _ k (x) 



Both triangles commute by Proposition 14.161 using the fact that the inclusion (X, X — K U 
L) -+(X,X- K) takes T KuL to F K . 

Next we prove part 3. We need a lemma which will be proved at the end of this subsection. 

Lemma 6.9. There exist chains 

Pu- L e PC*(U - L) <g> PC^U - L, U - K U L), 

Punv e PC*(U nv)® PC*(u n v, u n v - k u l) 

and 

(3 V _ K e PC*{V -K)® PC^V -K,V-KUL) 
such that fiu_ L + (3 UnV + (3 V _ K represents d(T KuL ) e PH*{X) <g> PH*(X } X-KUL). 

The inclusion (X, X — K U L) — > (X, X — K nL) takes T KuL to T KnL , so the image of 
/3u-l + Punv + Pv-k in I p H*(X) <g> PH*{X, X-KnL) represents d(T KnL ). But this image 
is just Punv, since the other two terms map to in PC* (X) cg> PC*(X, X — K n L). Thus 
Punv represents the class d(T KnL ) in I P H*(U C)V)® PH*(U n V, U n V - K U L). 

Now let (f G IpC k (X, X — K U L) be a cocycle; we want to calculate the image of [ip] for 
the two ways of going around the diagram (JSJ). Let A and B denote X — K and X — L, so 
that <p e I p C k (X,AnB). 




PH n JU) 
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As in [21], we have 6[ip] = [Sip a], where ip = <pa — <Pb with ipA 6 IpC k (X, A) and 
ifB € IpC k (X, B). Continuing on to I q H n _ k _i(U fl V") we obtain [(1 <gi f^^XA/ny)]; which 
is the same as 

(-l) fc+1 [(l®^)(d/W)] 

because <9((1 ® </^)(/W)) = (1 ® fyu)(/W) + (~l) fc (l ® V?a)(<9/W)- 

Going around the diagram (j5J) the other way, let (3 denote fiu-L + Punv + Pv-k- [<p] 
first maps to [(1 <g) ip)(P)]. To apply the Mayer- Vietoris boundary d to this, we first write 
(1 (g) tp)(/3) as a sum of a chain in [/ and a chain in V: 

(1 ® ip){p) = (1 (g) + ((1 <8> p)(/W) + (1 ® ¥>)(/?v-jO). 

Then we take the boundary of the first of these two terms, obtaining the homology class 
[9(1 ® ip)(l3u- L )]. To compare this to (-l) fc+1 [(l <g> <PA)(dPunv)], w e have 

d(l <g> <p)(p V - L ) = (-l) fc (l <8) <p){dPu. L ) since <fy> = 

= (-l) fc (l g> (p A ){dp V - L ) since (1 ® <p B ){dPu-L) = 0, ^ being 

zero on chains m B = X — L 

= (-l) k+1 (l®(p A )(dPunv), 

where the last equality comes from the fact that d{Pu-i) + d(Puav) — d(P) ~ 9(Pv-k) an d 
ipA vanishes on chains in V — K G A. 

This concludes the proof of Lemma 16.81 □ 

It remains to prove Lemma [6.91 

Let C be the category with objects U — L, U fl V , V — K and their intersections and with 
morphisms the inclusion maps. It suffices to show that (1{Tk\jl) is in the image of the map 

k : lim PH*{W) ® I q H*(W, W - K U L) -> I P H*(X) ® J ? #*(X, I-ifUi). 
wee 

Let F denote the subspace 

((?/ — l) x (u — L)) u (([/ ny)x([/n 7)) u ((v - a:) x (v - k)) 

of X x X and consider the commutative diagram 

I 5 H,(X,X - KUL) > iQp-iH^X x X,X x (X - K UL)) -« fiH*(X) ® I*H,(X, X - K U L) 




lQf,9H,(Y, Y - (X x (K U £))) 

A 

if.Qin^ /«*.ffC„(W xW,H/x (W-KUL))) -s-^ — ff,(lim ff£( , /PC*(W) ® I^C*{W, W — K U L)). 

d(T KuL ) is the image of r^ uL along the top row. The map A is an isomorphism by [TTf 
Proposition 6.1.1], so to show that diTKvjL) is in the image of k it suffices to show that the 
map \x is an isomorphism. 
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Let us write Wi, W 2 and W 3 for U - L, U D V and V — K respectively. Let C be the 
subcategory of C with objects W±, W 2 and W\ D W2, and let C" be the subcategory of C with 
objects Wi Pi W3, W 2 H W3 and Wi D W 2 PI IV3. For any functor F from C to chain complexes, 
lini iygC F(W) can be written as an iterated pushout: it is the pushout of the diagram 



and ]KQ WeC „ F(W) and lim^^, F(W) are also pushouts. 
Next recall that, if 

A -C 



B *D 

is a pushout diagram of chain complexes for which A — > B © C is a monomorphism, there is 
a Mayer- Vietoris sequence 

► HiA -»■ © fliC tf^A ->> • • ■ 

Combining this with Theorem 13.31 and the five lemma, we see that the map 

lim PC^W) © I 9 C*(W, W-^UL)^ lim 7^«C*(W x W, W x (W - K U L)), 
wee wee 

and the analogous map with C replaced by C", are quasi-isomorphisms. Now one further 
application of the Mayer- Vietoris sequence, Theorem I3.3[ and the five lemma shows that \x 
is an isomorphism as required. □ 



7 Stratified pseudomanifolds-with-boundary and Lef- 
schetz duality 

In subsection 17.11 we give the definition of stratified pseudomanifold-with-boundary; we 
call these (9-stratified pseudomanifolds, following Dold's use of (9-manifold to mean manifold 
with boundary [HI Definition VIII. 1.9]. In subsection 17.2^ we show that a compact 9-stratified 
pseudomanifold has a fundamental class, and in subsection 17.31 we show that cap product 
with the fundamental class induces a Lefschetz duality isomorphism. 

7.1 d-stratified pseudomanifolds 

Definition 7.1. An n-dimensional d -stratified pseudomanifold is a pair (X, B) together with 
a filtration on X such that 
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1. X — B, with the induced filtration, is an n- dimensional stratified pseudo manifold (in 
the sense of Section |2~TT|) . 

2. B, with the induced filtration, is an n — 1 dimensional stratified pseudomanifold (in 
the sense of Section |2~T|) . 

3. B has an open collar neighborhood in X, that is, a neighborhood iV with a homeomor- 
phism of filtered spaces N — > B x [0, 1) (where [0, 1) is given the trivial filtration) that 
takes B to B x {0}. 

B is called the boundary of X and denoted dX. 

We will often abuse notation by referring to the "<9-stratified pseudomanifold X," leaving 
B tacit. 

Note that a stratified pseudomanifold X (as defined in Section 12. ip is a <9-stratified 
pseudomanifold with dX = 0. 

Definition 7.2. The strata of a <9-stratified pseudomanifold X are the components of the 
spaces X 1 — X l ~ l . 

Our next result shows that when there are no codimension one strata OX is a topological 
invariant. 

Proposition 7.3. Let (X, B) and (X', B') be d-stratified pseudomanifolds of dimension n 
with no codimension one strata, and let h : X — >■ X' be a homeomorphism (which is not 
required to be filtration preserving). Then h takes B to B' . 

Proof. It suffices to show that h takes the union of the regular strata of B to B', since the 
regular strata are dense in B and B' is closed. So let x be in a regular stratum of B and 
suppose that h(x) is not in B' . Then there is a Euclidean neighborhood E of x in B such 
that h(E) C X' — B' . The existence of an open collar neighborhood of B shows that the 
local homology group H n (X,X — {y}) is for each y G E, so by topological invariance of 
homology h(E) must be contained in the singular set S of X' — B' . 

Next we use the dimension theory of [HI Section 11.16]. We will use the fact that each 
skeleton of a pseudomanifold (and in particular the singular set) is locally compact. 

dimz E (as defined in [HI Definition II. 16.6]) is n— 1 by [HI Corollary 11.16.28], so dim^ h(E) 
is also n— 1, and by (6J Theorem II. 16.8] (using the fact that 5* is locally compact) this implies 
that dimes' is > n — 1. To obtain a contradiction it suffices to show that dim^ of the i- 
skeleton of a pseudomanifold is < i (a fact that doesn't seem to be written down explicitly 
in the literature). 

So let Y be a pseudomanifold and assume by induction that dim^ Y l < i for some i. Let 
c denote the family of compact supports and let dim Cj z be as in [61 Definition 16.3]. Then 
dimz is equal to dim Ci z for any locally compact space by O Definition II. 16.6]. Since Y % is a 
closed subset of Y %+1 and Y t+1 — Y % is a (possible empty) (i + l)-manifold, [HI Exercise 11.11 
and Corollary 11.16.28] imply that dim C) ^y* +1 is < i + 1 as required. □ 
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Proposition l7.3l is not true if codimension one strata are allowed, as shown by the following 
example. 

Example 7.4. Let M be a paracompact n-manifold with boundary (in the classical sense), 
and let P be its boundary. 

1. Suppose we filter M trivially so that M itself is the only non-empty stratum. Then 
(M, P) is a <9-stratified pseudomanifold. Note that all the conditions of Definition 17.11 
are fulfilled: M — P is an n-manifold, P is an n — 1 manifold, and P is collared in M 
by classical manifold theory (see [211 Proposition 3.42]). 

2. On the other hand, suppose X is the filtered space M D P. Then it is easy to check 
that (X, 0) is a <9-stratified pseudomanifold; that is, X is a stratified pseudomanifold 
in the sense of Section 12.11 With this filtration, we cannot have dX = P because 
condition fl3]) of Definition 17.11 would not be satisfied. 

Remark 7.5. All of the intersection homology machinery developed in Sections EHU of this 
paper applies immediately to 9-stratified pseudomanifolds. 

7.2 Fundamental classes of d-stratified pseudomanifolds 

Definition 7.6. An R- orientation of a <9-stratified pseudomanifold X is an i?-orientation of 
X-dX. 

Given an i?-orientation of X and a point x G X — dX, Definition 15.61 gives a local 
orientation class o x G 1 H n (X — dX,X — {x} — dX; K). We will denote the image of this 
class under the inclusion map f°H n (X — dX, X — {x} U dX; R) -»■ I°H n (X, X - {x}; R) by 

Proposition 7.7. Let X be a compact R-oriented d-stratified pseudomanifold of dimension 
n. There is a unique class Tx G I°H n (X, dX; R) that restricts to o' x for every x G X — dX . 

Proof. Let iV be an open collar neighborhood of dX. Theorem 15 . 71 gives a fundamental class 
rx-jv in I°H n (X — dX, N — dX; R). Let Tx be the image of Tx-n under the composite 

I°H n (X - dX, N - dX; R) -> I Q H n (X, N; R) ^ I 5 H n (X, dX; R), 

where the second map (which is induced by inclusion) is an isomorphism by a stratified 
homotopy equivalence (see Appendix |A]). It is easy to check that Tx is independent of N, 
using the fact that the intersection of two open collar neighborhoods contains another. If 
x G X — dX, the fact that Tx restricts to o' x follows from the fact that there is an iV 
not containing x. Uniqueness follows from the uniqueness property in Theorem 15.71 and 
the fact that the maps f°H n (X - dX,X - {x} U dX; R) -»■ I Q H n (X,X - {x};R) and 
f Q H n {X - dX, N - dX; R) ->■ I°H n (X, N; R) are isomorphisms by excision. □ 

Tx will be called the fundamental class of X. 
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Remark 7.8. Corollary 15.221 has an analogue for <9-stratified pseudomanifolds. We will not 
give details here because this fact is not needed for our work. 

We conclude this section with a result that will be needed in [TT] . 

First we observe that an i?-orientation of X induces an i?-orientation of dX, because the 
union of the regular strata of X and the regular strata of dX is a (nonsingular) i?-oriented 
(9-manifold. 

Proposition 7.9. Let X be a compact R-oriented d-stratified pseudomanifold of dimension 
n, and give dX the induced orientation. Then the map 



d : f°H n (X, dX; R) -> I S # n _i(<9X; R) 



takes Tx to Tgx- 



Proof. By Corollary 15.15} it suffices to show that dTx restricts to the local orientation class 
in I°H n _i(dX, dX — {x}; R) for each x that's in a regular stratum of dX. So let x be such 
a point. Let E be a closed Euclidean ball around x in dX, and let E° be the interior of 
E. Let iV be an open collar neighborhood of dX, and let M be the image of E x [0, 1/2] 
under the homeomorphism dX x [0, 1) — > N; then M is a (nonsingular) d- manifold and the 
/^-orientation of X restricts to an /^-orientation of M. Let M° denote the interior of M. 
Now consider the following commutative diagram (where the R coefficients are tacit). 



I°H n (X, dX) I°H n (X, X - M°) 



I°H n (M, dM) 



I°H n 



fiH n -!(X -M°) 



i(dX) ^ I°H n -i(X - M°,X - (If U E°)) 



/°H„_i(aM) 



I°H n -!(dM, dM - E°) 



I°H n ^{E°,E° -{x}). 



Here the second arrows in the first and last rows (which are induced by inclusion) are iso- 
morphisms by a combination of excision and stratified homotopy equivalence. It's straight- 
forward to check that the lower composite is the usual restriction map I°H n ^i(dX) — > 
I°H n -i(E°,E° — {x}), so it suffices to show that this composite takes dTx to the local 
orientation class at x. But it's straightforward to check that the upper composite takes Tx 
to Tm, and a standard fact in manifold theory (using the fact that I H* = for spaces 
with trivial stratification) says that the rightmost d takes V m to Tqm- Since maps to 
the local orientation class at x the proof is complete. □ 



7.3 Lefschetz duality 

Theorem 7.10 (Lefschetz Duality). Let F be afield, and let X be an n- dimensional compact 
d-stratified pseudomanifold such that X — dX is F -oriented. Suppose that p + q = i. Then 
the cap product with Tx is an isomorphism IpH l (X, dX; F) — > I^H n _i(X; F). 
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Proof. We follow the strategy in [21]. Let N be an open collar of dX. Consider the following 
commutative diagram 



I P H\X -dX,N- dX; F) — IpH^X, N; F) 



im n ^(X-dX;F) 



(-i)" l -r x 



ieH n _i{X;F). 



The top isomorphism is by excision and stratified homotopy equivalence. The bottom 
isomorphism is also by stratified homotopy equivalence. If we take the direct limit of 
the diagram as N shrinks to dX, then lira IpH^X, JV; F) = IpH^X, OX; F) (in fact, all 
maps in the directed system obtained by retracting the collar are isomorphisms), while 
\vmIpH\X -dX,N- dX- F) 2* I p H* c {X - dX; F). So by Theorem EM the left hand map 
becomes an isomorphism in the limit. It follows therefore that the right hand map also 
becomes an isomorphism in the limit, proving the theorem. □ 



A Stratified maps, homotopy, and homotopy equiva- 
lence 

The definition of "stratum preserving homotopy equivalence" given in [TU1 needs to be 
modified a little in the context of general perversities. In this appendix we give the necessary 
details. 

Let X and Y be <9-stratified pseudomanifolds, and assume that we are given perversities 
p, q on X and Y respectively. 

Definition A.l. We will say that a map / : X — > Y is stratified with respect to p, q if 

1. the image of each stratum of X is contained in a single stratum of Y of the same 
codimension, i.e. if Z' C Y is a stratum of codimension k, then is a union of 
strata of X of codimension k, 

2. if the stratum Z G X maps to the stratum Z' C Y, then p(Z) < q{Z'). 

Note that if / : X — y Y is an inclusion of an open subset, then / is always stratified with 
respect to any perversity q on Y and its induced restriction to X (i.e. the perversity on X 
whose value on Z is defined to be q(Z') if Z C Z'). 

An easy argument from the definitions shows that if / : X — y Y is stratified and Q is a 
coefficient system on Y - Y dim ^-\ then /# : PC*(X; f*Q) -> PC*(Y; Q) is well-defined 
and induces a map of intersection homology groups /* : I P H^(X; f*Q) — > I^H :¥ (Y; Q). 

Now stratify X x J by letting the strata have the form Z x J, where Z is a stratum of X. 
This stratification induces a natural bijection Z Z x I between the singular strata of X 
and those of X x I and thus a natural bijection of perversities such that a perversity of X 
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corresponds to a perversity of X x I if the two take the same value on corresponding singular 
strata. In this case we will abuse notation and use the same symbol for both perversities. 

We call F : X x I — > Y a stratified homotopy (with respect to p, q) if F is a stratified 
map (with respect to p, q). In particular, the image under F of each stratum Z x / c X x I 
is contained in a single stratum of Y (again compare jTOj [29]). \i F \ X x I — ^ 7 is a 
stratified homotopy, then / = .F(-,0) and g = F(-,l) are stratified maps X — > Y and F 
induces a chain homotopy between the induced maps of intersection chains /# and g#. The 
proof of this fact follows by the usual prism construction (see e.g. [2Tj). One checks that 
the necessary chains are all allowable as in the proof of Proposition 2.1 of [ID] , with some 
obvious changes necessary to account for the general perversities. 

We call <9-stratified pseudomanifolds X, Y stratified homotopy equivalent if there is a 
homotopy equivalence / : X — y Y with homotopy inverse g : Y — > X such that f,g, and 
the respective homotopies from fg to idy and from gf to idx all satisfy condition ([TJ of 
Definition IA.1I The maps / and g are then deemed stratified homotopy equivalences. In this 
case, there must be a bijection between the strata of X and the strata of Y, and thus a 
bijection between perversities on X and perversities on Y. We often abuse notation and use 
a common symbol for the corresponding perversities. With respect to such corresponding 
perversities, / and g will be stratified maps, and the homotopies from fg to idy and from 
gf to idx will be stratified homotopies. 

Thus if / : X — > Y is a stratified homotopy equivalence, it follows that PC*(X; f*Q) is 
chain homotopy equivalent to PC*(Y; Q) and thus I P H*(X; f*Q) = I P H*(Y; Q). In partic- 
ular, any inclusion X x {t} 4lxJ, where I is unfiltered and X x I is given the product 
filtration, induces PH* (X x {t}; G\ X x{t}) = PH*(X x J; Q). 



B Proofs of Theorems 3.1 and 3.3 



In this appendix, we provide some technical proofs concerning the intersection homology 
Kiinneth theorem of [12]. The notation is taken from [12]; we refer the reader there for 
discussion of the sheaves involved. 

We first prove the following proposition, which implies Theorem 13.11 

Proposition B.l. Let F be a field. Then the Kiinneth isomorphism of ffflj is induced (up 
to sign) by the chain level cross product. 
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Proof. Consider the following diagram (all coefficients are in F) 

H n+m -*(PC*(X) <g> 1*0-00) H n+m ^(I^(X x Y)) 



H*(T C (X x Y; 71*)) > H*{T C {X x Y;T9*>*S*)) (6) 



H*(T C (X x F;Z*)) #*(r c (X x F; J"*)). 

The sheaf 7£* is the sheaf defined in [13]; it is really just the sheaf n x (X p S x ) ® n Y (X q S Y ). 
The top map is the chain cross product, which is allowable by [13]. The top vertical maps 
are induced by sheafification. The bottom vertical maps are induced by taking c-acyclic 
resolutions; therefore the diagram commutes (up to possible signs arising from the degree 
shifts in the upper vertical maps). The maps on the right are isomorphisms by the properties 
of the sheaf X^p^S*, which is homotopically fine and generated by a monopresheaf that is 
conjunctive for coverings. The bottom isomorphism is the Kiinneth isomorphism of [13] • We 
want to show that x is an isomorphism. It suffices to show that the composition on the left 
of the diagram is an isomorphism. 

In fact, we know abstractly that H n+m _*(PC*(X) <g> I«C»(Y)) ^ W(T C (X x Y;X*)) 
by [131 Corollary 4.2]. But we need slightly more; we must show that the isomorphism is 
consistent with the left hand composition of the diagram here. 

Let K,* x and /C y be injective resolutions of X^S* X and X q S Y , respectively. Then we have 
a diagram 

# n+m _*(m(x) ® m(F)) ^=^= H n+m _*(pc*(x) ® m(y)) 



H*(T C (X;1PS X ) ®T C (Y;1«S Y )) = H*(T c (X;}C* x )0T c (Y;K: y )) 



H*(T C (X x Y; n x (lPS*) ® % Y (X«S*))) — H*(T C (X x Y; tt x (JC x ) ® n* Y (IC Y ))). 

The top left vertical map is induced by sheafification and is an isomorphism because X^S* X 
and X^S Y are induced by appropriate monopresheaves that are conjunctive for covers. The 
middle and bottom horizontal maps are induced by the injective resolutions X^S* X —> K,* x 
and X P S X — > JC Y . The middle horizontal map is an isomorphism because X^S\ and X^S Y are 
homotopically fine. We fill in the top right vertical arrow so that the top square commutes 
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by definition. The bottom vertical maps are denned and the bottom square commutes in 
the evident way (given a germ over x G X and a germ over y G Y, this determines a germ 
of the tensor product of stalks over (x,y); see [HI Section 11.15]). The composition of maps 
on the left is equivalent to the map # n+m _* (PC* (X) <g> PC*(Y)) -> H*{T C (X x F; 7?.*)) 
of Diagram (jSJ). Since /C^ and /C y are injective, and hence c-fine, and since X and Y are 
locally compact and Hausdorff, ^(/C^) <8> 7T Y (/C y ) is c-fine by [6j Exercise 11.14 and page 
494, fact (s)]. So the bottom map of the diagram is in fact induced by a c-fine resolution 
-k^(X p Sx) <8> 7T y (X^5 y ) -> ^(/C^) 8) 7T y (/C y ). Therefore we can let the bottom horizontal 
map here play the role of the bottom left map of Diagram (jSJ). The bottom right vertical 
map is an isomorphism by [SI Proposition 15.1]. 

Note, we cannot conclude that either of the maps in the diagram not labeled as such are 
isomorphisms, but nonetheless, this is enough to show the composition along the left side of 
Diagram ([SD is the desired isomorphism. □ 



Next we prove the relative Kiinneth theorem (Proposition 13.31) . We restate it for the 
convenience of the reader. 

Theorem Let X and Y be stratified pseudomanifolds with open subsets A C X, B C Y . The 
cross product induces an isomorphism 

I p H*{X, A; F) ® FH*{Y, B; F) -> I Q ™H*(X x Y, {A x Y) U (X x B); F). 



Proof. Let Q denote Qp,q- Consider the following diagram (where we leave the F coefficients 
tacit). 

> PH^A) ® PH*(Y) — PH*(X) ® PH*(Y) — PH*(X, A) ® PH*(Y) » 



I Q H*{A x Y) 



IQH*{X x Y) 



I Q H*{X x Y,A x Y) 



Both rows are exact; the top row is exact because we work over a field (so all modules 
are flat). The vertical maps are all induced by the chain cross product, and the diagram 
commutes up to sign (as can be seen by working with representative chains). So we have 
PH*(X, A) ® PH*(Y) = I Q H*(X x y, A x Y) by the five lemma. 
Similarly, we now have the diagram 

► PH*(X,A)®I«H*(B) — IPH*(X,A)®im*(Y) ► M,(I,i)®J'JJ,(7,B) 



I Q H*(X x B,ix B) 



I Q H*(X xY,AxY) — - I Q H*(X x Y, {A x Y) U (X x B)) 



The top row is again exact by flatness. The bottom row is the long exact sequence associated 
to the short exact sequence 







I Q C*{X x B,A x B) — - I Q C*(X x Y, A x Y) lQ?>*C*(X x Y, {A x Y) U (X x B)) 



0, 
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which exists by some basic homological algebrao Again, commutativity follows from chain 
arguments, and the proposition now follows from the five lemma. □ 



C Invariance of general perversity intersection homol- 
ogy under normalization 

We provider here a theorem stating that intersection homology is preserved under normal- 
ization. For general background on normalizations see [281 EH]- 

Lemma C.l. Let X be a stratified pseudomanifold, and let ir : X — > X be its normalization. 
Then it : I P H*(X; R) — > PH*(X; R) is an isomorphism. 

Proof. This is a standard fact for intersection homology with Goresky-MacPherson perversi- 
ties and no codimension one strata. We briefly revisit the proof to show that it remains true 
in the more general setting. It is elementary to observe that it is well-defined as a homomor- 
phism of intersection chains, and hence of intersection homology groups. The normalization 
map is proper (since all stratified pseudomanifolds have compact links by definition), so we 
can consider intersection homology either with closed or with compact supports. 

By [151 Lemma 2.4], it is sufficient to consider perversities such that p{Z) < codim(Z) — 1 
for each singular stratum Z, for otherwise we get nothing new. This fact allows us mostly 
to reduce the proof to the usual one: if p(Z) < codim(Z) — 1 for each singular Z, each 
simplex of each allowable chain £ of PCi(X; R) intersects X"" 1 in at most the image of 
the the % — 1 skeleton of the model simplex A 1 . So for any such singular simplex a in £, 
a maps the interior of A 1 into X — X n ~ l . But this mapping of the interior can be lifted 
to X, and continuity ensures that we can then lift all of a to X. This process generates a 
homomorphism s : PC*(X;R) — > PC*(X] R), and it is clear that s is an inverse of 7T. It 
only remains to check that s is a chain map. This is not difficult to see, recalling that any 
boundary simplices with support entirely in X n ~ x are set automatically to 0. □ 



D Comparison with the cup product of J3] 

In this appendix we verify the claim in Remark 11.31 

First observe that for pairs p, q satisfying the conditions in Remark 11.31 we have Dq > 
Dp + Dp, so Definition 14.111 gives a cup product map 

I P H*(X; Q) g) I P H*(X; Q) ^ I q H*(X; Q) 

which we will show agrees up to sign with that constructed in [31 Section 7]. 

One of the ingredients in Banagl's construction is the "Eilenberg-Zilber type isomor- 
phism" 

I p a(X; Q) <g> PC*(Y; Q) PC*{X x Y; Q) 



5 This essentially comes from the intersection chain short exact Mayer- Vietoris sequence for the pairs 
(X xY,AxY) and (X x B,X x B), since B (1Y ~ B, Y U B = Y , A x Y n X x B = A x B. 
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((23) on page 175 of [3])3 We will denote this map by E. The criterion given at the end of 
[T31 Section 4.1] shows that, since p(k) + p(l) < p(k + I), the cross product also induces a 
map 

x : PC*{X] Q) ® I P C*(Y; Q) -> FC t (l x F; Q), 

and we claim that (up to sign) this is the same as E. This follows from the uniqueness result 
[3 Proposition 2] , using the fact that both E and x are induced by maps of sheaves 

n* x l?S* x ® n* Y l p S* Y -> 2^ xy 

(see the proofs of [3], Theorem 9.1] and Proposition IB. ip which agree (up to sign) on tt^Qu^) 

Now consider the following diagram. 

Q) — ^ PC*(X x X; Q) -«-|— PO*(X; Q) ® FC*(X; Q) (7) 

I Q ™C*(X xX;Q) 

Here the two maps marked d are induced by the diagonal; the horizontal d is given by [3j 
Proposition 7.1] and the other d is given by Proposition 14.21 1. The vertical map exists 
because of the inequality p{k + I) < p{k) + pit) + 2. The left-hand triangle in diagram Q 
obviously commutes and we have just seen that the right-hand triangle commutes up to sign. 

The dual of the lower composite in diagram (J7J) is the cup product of Definition I4.11[ so 
it suffices to show that the dual of the upper composite is the cup product of [31 Section 7]. 
This in turn is a straightforward consequence of the definition in [3] and Proposition IV.2.5 
of [9]. 
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